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Goebel and Kirk fixed point theorem for multivalued
asymptotically nonexpansive mappings

M. A. KHAMSIY 2 and A. R. KHAN?

ABSTRACT. We introduce the concept of a multivalued asymptotically nonexpansive mapping and establish
Goebel and Kirk fixed point theorem for these mappings in uniformly hyperbolic metric spaces. We also define a
modified Mann iteration process for this class of mappings and obtain an extension of some well-known results
for singlevalued mappings defined on linear as well as nonlinear domains.

1. INTRODUCTION

Let (X, dx) and (Y, dy) be metric spaces. A mapping 7" : X — Y is called Lipschitzian
if there exists a constant & > 0 such that

dy (T(x), T(y)) < k dx(z,y),

for any =,y € X. Using iterates of the mapping T, we introduce new classes of map-
pings. The ones which attracted serious attention were the classes of uniformly Lipschit-
zian mappings and asymptotically nonexpansive mappings. Recall that asymptotic no-
nexpansive mappings were introduced and studied in the fundamental paper of Goebel
and Kirk [7]. The reader interested in an alternate proof of Goebel and Kirk’s fixed point
theorem and demiclosedness principle for asymptotically nonexpansive mappings is re-
ferred to Khamsi and Kirk [13].

Many contributions have been made in relation to this important class of mappings, we
mention here a few of them:

(a) Demiclosedness principle for singlevalued asymptotically nonexpansive mappings
on CAT(0) is established by Nanjaras and Panyanak [23].

(b) The notion of total asymptotically nonexpansive mappings has been introduced
by Alber et al. [1] and they have approximated their fixed point. Further studies
have been made for this new class of mappings by Pansuwan and Sintunavarat
[24], Chang et al. [4] and Panyanak [25].

(c) Dhompongsa et al. [5] have considered a homotopy result and an ultrapower ap-
proach to establish the existence of fixed points of nonexpansive set-valued map-
pings on C'AT'(0) spaces and Banach spaces simultaneously.

(d) Zhang et al. [32] have studied strong convergence of multivalued Bregmann to-
tally quasi-asymptotically nonexpansive mappings.

As, to the best of our knowledge, the case of multivalued asymptotically nonexpansive
mappings has not been considered. In this work, we use the ideas developed in [12] to
tackle problems about this class of mappings (see also the references [26, 28, 29, 30]).
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For more on metric fixed point theory, we strongly recommend the books [8, 13].

2. BASIC DEFINITIONS AND RESULTS

Let T be a self-mapping on a subset A of a normed space E. We say that T" is asymp-
totically nonexpansive if there exists a sequence {k,} in [1,00) with le k, = 1 such

that
17" (z) = T"(Y)|| < kn [lz —yll,

forall z,y € Aandn > 1. Incase, k, = 1, for all » > 1, T is said to be nonexpansive.
Goebel and Kirk fixed point theorem [7] states that if A is a bounded, closed and convex
subset of a uniformly convex Banach space E, then every asymptotically nonexpansive
self-mapping T on A has a fixed point (i.e. T(x¢) = =z for some z( in A). Goebel and
Kirk fixed point theorem remains the only well-known existence result for these map-
pings. Therefore, iterative construction of fixed point of an asymptotically nonexpansive
mapping becomes essential.

Throughout this work, (X, d) stands for a metric space. Let C be a nonempty subset of
X. We denote by N(C) the collection of all nonempty subsets of C, C(C) the collection of
all nonempty closed subsets of C, and C'B(C) the collection of all nonempty closed and
bounded subsets of C. For A, B € CB(X), set

H(A, B) = max { 21611'3 d(b, A), Slég d(a, B)}7

where d(z, A) = iI€1£ d(z,a) is the distance of « to A. H is known as the generalized

Pompeiu-Hausdorff distance induced by d. Note that for any A and B in CB(X),e > 0
and a € A, there exists b € B such that

d(a,b) < H(A,B) +e¢.

This remark allows us to avoid use of distance H which imposes restriction on the subsets
to be bounded.

The concept of generalized orbits was introduced by Rus [28] and has been subse-
quently used by many authors (see, for example, [12, 26, 29, 30]). We present this concept
here as it was considered in [12].

Definition 2.1. Let C be a nonempty subset of X. For the multivalued mapping 7 : C' —
N(X) and = € X, the sequence {z,},en defined by g = z and z,41 € T(x,,), for any
n > 0, will be called a generalized orbit of x.

If T is singlevalued, then generalized orbits coincide with the traditional definition of an
orbit. It is clear that for a given © € X, T" may have many different generalized orbits
generated by x.

Next we define the concept of a multivalued asymptotically nonexpansive mapping.

Definition 2.2. A multivalued mapping 7' : X — N(X) is called asymptotically nonex-

pansive mapping if there exists a sequence of positive numbers {k, } with lim k, =1
n—oo

such that for any z,y € X, and any generalized orbit {x, } of z, there exists a generalized

orbit {y,, } of y such that

d(anr}uyh) S kh d('x'rwy)v n, h S N
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Note that we can always assume that k,, > 1, for any n € N.

We recall basics of a hyperbolic metric space.

In order to introduce convexity in metric spaces [22], the essential ingredient is the concept
of metric segments. Let z and y be any two points in the metric space (X, d). The metric
segment [z, y| is an isometric image of the segment [0, d(x,y)]. We will assume that for
any z and y in X, there exists a unique metric segment joining them. The unique point
z € [z, y] defined by

d(z,z) = (1 —t)d(z,y) and d(y,z) =td(z,y),

for t € [0, 1], will be denoted by ¢t x @ (1 — t) y. A metric space (X, d) equipped with this
class of segments is called a convex metric space. Moreover, if the following holds

d(ta@(l—t)x,tb@(l—t) y) < td(a,b) + (1 t)(,y),

forall a,b,z,yin X, and ¢ € [0, 1], then X is called a hyperbolic metric space [27]. As in
the linear case, a subset C' of X will be convex if [x,y] C C for any z,y € C.

A natural example of hyperbolic metric spaces is given by normed vector spaces. Hada-
mard manifolds [3], the Hilbert open unit ball equipped with the hyperbolic distance [9]
and CAT(0) metric spaces [2, 17, 18, 19, 20] are examples of nonlinear hyperbolic metric
spaces.

Definition 2.3. For a hyperbolic metric space (X, d), we define the modulus of uniform
convexity by

1 /1 1
ox(r,e) = inf {1 - ~ (50 ® 5y.2):d(w,2) < rdly.2) < rd(a,y) = e},

forany r > 0,e > 0and z,y, z € X. X is said to be uniformly convex provided §x (r,e) >
0, forany r > 0 and € > 0.

Let us recall the definition of a metric type function which plays a major role in metric
fixed point theory. These functions are also known as asymptotic centers of a sequence.
A function 7 : X — [0, c0) is a type function if there exists a bounded sequence {z,,} in X
such that

7(z) = limsup d(zp, x).
n—roo

If X is hyperbolic, then any type function 7 is convex and continuous.

We state important known results in a uniformly convex hyperbolic metric space.

Theorem 2.1. [14, 15] Let (X, d) be a uniformly convex complete hyperbolic metric space.

(i) X satisfies the property (R), i.e. for any decreasing sequence of nonempty closed, convex
and bounded subsets { K, } in X, we have (| K,, # 0.
(ii) Let C be a nonempty closed and convex subset of X. Any type function 7 : X — [0, 00)
has a unique minimum point z in C, i.e.
7(2) = inf{7r(x);z € C}.

Moreover, any minimizing sequence {z,} in C,i.e. lim 7(z,) = 7(2), is convergent.
n— oo
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(iii) Let R > 0 and z € X. Assume that {x,,} and {y,} are two sequences in X such that
limsup d(zy, 2) < R, limsup d(yn,, 2) < R, and

n—0o0 n—oo

lim d(O{l’n D (1 - Oé) Yn, Z) = Rv

n—oo

then we must have, lim d(x,,y,) = 0.
n—oo

Let T : C — N(C) be a multivalued mapping. A point x € C is called a fixed point of T
if x € T(x). A generalization of Goebel and Kirk fixed point theorem for nearly uniformly
convex Banach spaces in given in [21] and a demiclosed principle for asymptotically no-
nexpansive mappings on a subclass of metric spaces, namely C AT'(0) spaces, has been
established in [20]. We intend to give a multivalued version of Goebel and Kirk’s fixed
point theorem for asymptotically nonexpansive mappings on a very general nonlinear
domain. This result will be new in the literature.

A multivalued mapping 7' : C' — N(C) is H-continuous if whenever {xz,} converges
to xz in C, we have

lim d(a,,T(z)) =0,

n—oo
for any sequence {a,} such that a, € T(z,), for any n € N. In [10, 16], it is proved
that H-continuity is equivalent to the lower and upper semi-continuity of 7" when T is
compact-valued. Note that if T : C — N(C) is asymptotically nonexpansive, then T is
H-continuous. Indeed, let {k,, } be the Lipschitz sequence of positive numbers associated
with T'. Let z,y € C. Let {,, } be a generalized orbit of z. Then there exists a generalized
orbit {y,} of y such that

d(xn-‘rha yh) S kh d(xnay)a n, h e N
In particular, we have d(z1,y1) < k1 d(z, y) which implies

d(z1,T(y)) < d(z1,91) < ki d(z,y),
for any z; € T'(x). Clearly, this implies that 7" is H-continuous.

Theorem 2.2. Let (X,d) be a complete uniformly convex hyperbolic metric space. Let C be a
nonempty closed, bounded and convex subset of X. Let T : C' — C(C), i.e. T(z) is nonempty and
closed subset of C, for any x € C. If T' is asymptotically nonexpansive, then T has a fixed point.

Proof. Let 2y € C and {xz,} be a generalized orbit of z. Since C is bounded, the se-
quence {z,} is bounded. Consider the type function generated by {z,}, ie. 7(z) =

limsup d(xy, x). By (ii) of Theorem 2.1, 7 has a unique minimum point z in C. Since T
n— oo

is asymptotically nonexpansive, there exists a sequence of positive numbers {k,} with
lim k, = 1and a generalized orbit {z,} of z such that

n— o0
d(Tpan,zn) < kp d(xn,2), n,h € N.

This will imply 7(z;,) < kj, 7(2), for any h € N. Since lim k, = 1, we conclude that {z,}

n—o0
is a minimizing sequence of 7. Using again (ii) of Theorem 2.1, we conclude that {z,}

converges to z. Since T is H-continuous and z,+1 € T'(2,), for any n € N, therefore we get
lim d(zp+1,T(2)) = 0.
n— o0

As T'(z) is closed, and {z, } converges to z, so we conclude that z € T'(z), i.e. z is a fixed
point of 7. O
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Once an analogue of Goebel and Kirk’s fixed point theorem is established for multiva-
lued asymptotically nonexpansive mappings, it is natural to ask whether Schu'’s iterative
approximation [31] (through modified Mann iteration process), may be extended to the
multivalued case. Let (X, d) be a complete uniformly convex hyperbolic metric space. Let
C be a nonempty closed, bounded and convex subset of X. Let 7' : C' — C(C') be asymp-
totically nonexpansive. Assume that p € C is a fixed point of T" such that T'(p) = {p}.
Fix o € (0,1) and z; € C. Since T' is asymptotically nonexpansive, there exists {k, } with

lim k, = 1. We will assume that k,, > 1, for any n € N. Let {z } be a generalized orbit

n— oo
of 71. Set zo = a 71 ® (1 — ) z1. Let {z2} be a generalized orbit of x5 such that

d(@y i p,x}) < kn d(z,,22), forn,h €N.

By induction, we construct a sequence {z,} in C and for any m > 1, a sequence {z]'}
which is a generalized orbit of z,, such that

d(m;n+hl7xh ) < kpd(z™ Y z,,), forn,h €N,
and
(MMI) Tl = @ Ty @ (1 — @) zp.

In view of T'(p) = {p}, we have d(z},,,,p) < kp d(x},p), for any n,h € Nand m € N.
Using (MMI) and the hyperbolicity of X, we get

o d(xm,p) + (1 — ) d(z7;, p)
o d(xmap) + (1 - OL) km d(ﬂfm,p)
km d(zm, D),

since k,, > 1, for any m € N. This will imply
d(xm—i-lvp) - d(xmap) S (km - 1) d(xmap) S (km - 1) 6(C)a

for any m € N, where 6(C) = {d(a,b); a,b € C} is the diameter of C. Assume that
> (kn, — 1) is convergent. Then we have

m

d(Im+1,p)

IAIAIA

m+h—1

d($m+h,p) - d(.]fm,p) S 6(0) Z (kl - 1)a
for any m, h € N. If we let h go to infinity, we get
li d(zn,p) — d(Zm, (k; — 1),
imsup d(wn, p) = d(@m,p) ;ﬂ

for any m € N. Now we let m go to infinity to get

limsup d(z,,p) < hm 1nf d(xm, p),

n—oo
which implies that {d(z,,p)} is convergent. Set R = lim d(z,,p). Since a € (0,1), w
n— oo
easily deduce that ILm d(zl',p) = R as well. If R = 0, then we have ILm d(al', xy,) = 0.
Otherwise, assume R > 0. Then we have

lim d(x,41,p) = ILm dlaz, ® (1 —a)z,,p) = R.

n—oo

Using (iii) of Theorem 2.1, we conclude that ILm d(a, xy,) = 0. In fact, from the choice of

our generalized orbits, we have

lim d(z7,z,) =0,

n—oo
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i.e., {x,} is an approximate fixed point sequence of T" since 27 € T'(z,,). Indeed, we have
d(xn,2t) < dl@n,on) +d(ay, ™) + d(ag ™, 27)

< (mm n)+k d(xmxn 1)+k1 d( n— }7 )
S (-Tna ) + kn ( - a)d(xz %; Lp— 1) + kl Otd( y LT — 1)
< d(xnv ) sup km) d( Zf%vxnfl)a

meN
for any n > 1. This clearly implies
lim d(27,2z,) =0,

n—roo

as claimed.

We summarize what we have just proved.

Theorem 2.3. Let (X,d) be a complete uniformly convex hyperbolic metric space. Let C be a
nonempty closed, bounded and convex subset of X. Let T : C — C(C') be an asymptotically
nonexpansive mapping. Let {k,, } nen be the Lipschitz sequence associated with T and assume that

>~ (ky, — 1) is convergent. Fix z1 € C and € (0,1). Consider the sequence {x,,} generated by
neN
(MMI). Then

nh_)rrgo d(zt,zn) =0,

which implies li_>m d(zy, T(zy)) =0, i.e. {z,} is an approximate fixed point sequence of T.

As a consequence of Theorem 2.3, we obtain a result amazingly similar to Theorem 2.2
in [31] for multivalued mappings. First, we give a definition of what it means for an iterate
of T' to be compact. Let m > 1 be fixed. We say that T' : C' — C(C') is m-compact if there
exists a nonempty compact subset K of C' such that for any = € C and any generalized
orbit {x,} of z, we have z,, € K for any n > m.

Theorem 2.4. Let (X,d) be a complete uniformly convex hyperbolic metric space. Let C be a
nonempty closed, bounded and convex subset of X. Let T : C — C(C') be an asymptotically
nonexpansive mapping which is m-compact for some m > 1. Let {k, }nen be the Lipschitz se-

quence associated with T and assume that >, (ky,, — 1) is convergent. Fix 1 € C'and o € (0,1).
neN
Consider the sequence {x,,} generated by (MMI). Then {z,,} has a subsequence which converges

to a fixed point of T.

Proof. Let K be a nonempty compact subset of C' associated with the m-compactness of
T. For n > m, we have z]. € K. Hence, there exists a subsequence {z4(,)} of {,} such
that {xigzg} converges to some z € K. Using Theorem 2.3, we get

lim  d(wg(n), T ¢(Z§)* lim  d(2g(n), T (f(”)):(].

n—o00 n—00
Hence {z4(,)} and {xl( )} also converge to z. Since o:l( " e T(xpmn)), we get
Az, T(2)) < ki d(@g(n, 2),
for any n € N. Hence d(z,T(z)) = 0,i.e. z € T(z) since T'(z) is closed. O

Remark 2.1. We observe that:
(i) Theorem 2.2 provides multivalued version of Goebel and Kirk fixed point theorem
on a very general nonlinear domain, namely uniformly convex hyperbolic metric
space.
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(if) Theorem 2.2 extends ([6], Corollary 2.1) and provides an analogue of ([11], Theo-
rem 3.1) for multivalued mappings;

(iii) Theorem 2.4 generalizes, Theorem 2.2 of Schu [31] for multivalued mappings on a
nonlinear domain.

Acknowledgement. The authors acknowledge gratefully the support of KACST, Riyad,
Saudi Arabia for supporting Research Project ARP-32-34.

REFERENCES

[1] Alber, Ya. I, Chidume, C. E. and Zegeye, H., Approximating fixed points of total asymptotically nonexpansive
mappings, Fixed Point Theory Appl., 2006, Art. ID 10673, 20 pp.
[2] Bridson, M. and Haefliger, A., Metric Spaces of Non-positive Curvature, Springer-Verlag, Berlin, 1999
[3] Busemann, H., Spaces with non-positive curvature, Acta. Math., 80 (1948), 259-310
[4] Chang, S. S., Wang, L., Lee, H. W. J., Chan, C. K. and Yang, L., Demiclosed principle and A-convergence theo-
rems for total asymptotically nonexpansive mappings in CAT(0) spaces, Appl. Math. Comput., 219 (2012), No. 5,
2611-2617
[5] Dhompongsa, S., Kirk, W. A. and Panyanak, B., Nonexpansive set-valued mappings in metric and Banach spaces,
J. Nonlinear Convex Anal., 8 (2007), 35-45
[6] Fukhar-Ud-Din, H., Existence and approximation of fixed points in convex metric spaces, Carpathian J. Math., 30
(2014), 175-185
[7] Goebel, K. and Kirk, W. A., A fixed point theorem for asymptotically nonexpansive mappings, Proc. Amer. Math.
Soc., 35 (1972), 171-174
[8] Goebel, K. and Kirk, W. A. Topics in Metric fixed point theory, Cambridge University Press, Cambridge, 1990
[9] Goebel, K. and Reich, S., Uniform Convexity, Hyperbolic Geometry, and Nonexpansive Mappings, Series of Mo-
nographs and Textbooks in Pure and Applied Mathematics, Vol. 83, Dekker, New York, 1984
[10] Gérniewicz, L., Topological Fixed Point Theory of Multivalued Mappings, Mathematics and its Applications,
vol. 495, Kluwer Academic Publishers, Dordrecht, 1999
[11] Ibn Dehaish, B., Khamsi, M. A. and Khan, A. R., Mann iteration process for asymptotic pointwise nonexpansive
mappings in metric spaces, J. Math. Anal. Appl., 397 (2013), 861-868
[12] Khamsi, M. A. and Kirk, W. A., On Uniformly Lipschitzian Multivalued Mappings in Banach and Metric spaces,
Nonlinear Anal., 72 (2010), 2080-2085
[13] Khamsi, M. A. and Kirk, W. A., An Introduction to Metric Spaces and Fixed Point Theory, Pure and Applied
Math., Wiley, New York 2001
[14] Khamsi, M. A., On metric spaces with uniform normal structure, Proc. Am. math. Soc., 106 (1989), 723-726
[15] Khamsi, M. A. and Khan, A. R., Inequalities in Metric Spaces with Applications, Nonlinear Anal., 74 (2011),
40364045
[16] Khan, A. R., Properties of fixed point set of a multivalued map, J. Appl. Math. Stochas. Anal., 2005:3 (2005),
323-331
[17] Kirk, W. A., Fixed point theory for nonexpansive mappings, I and II, Lecture Notes in Mathematics, Springer,
Berlin, 886 (1981), 485-505
[18] Kirk, W. A., Geodesic geometry and fixed point theory II, in: J. Garcia Falset, E. Llorens Fuster, B. Sims (Eds.),
Fixed Point Theory and Applications, Yokohama Publ., (2004) 113-142
[19] Kirk, W. A, Fixed point theorems in CAT(0) spaces and R-trees, Fixed Point Theory Appl., 4 (2004), 309-316
[20] Leustean, L., A quadratic rate of asymptotic regularity for CAT(0)-spaces, J. Math. Anal. Appl., 325 (2007),
386-399
[21] Lin, P. K., Tan, K. K. and Xu, H. K., Demiclosedness principle and asymptotic behavior for asymptotically nonex-
pansive mappings, Nonlinear Anal., 24 (1995), 929-946
[22] Menger, K., Untersuchungen iiber allgemeine Metrik, Math. Ann., 100 (1928), 75-163
[23] Nanjaras, B. and Panyanak, B.,Demiclosed principle for asymptotically nonexpansive mappings in C AT (0)-
spaces, Fixed Point Theory Appl., 2010, Art. ID 268780, 14 pp.
[24] Pansuwan, A. and Sintunavarat, W., A new iterative scheme for numerical reckoning fixed points of total asymp-
totically nonexpansive mappings, Fixed Point Theory Appl., 2016, 2016:83, 13 pp.
[25] Panyanak, B., On total asymptotically nonexpansive mappings in C AT (k) spaces, J. Inequal. Appl., 2014,
2014:336, 13 pp.
[26] Petrusel, A., Multivalued weakly Picard operators and applications, Sci. Math. Japan, 59 (2004), 169-202
[27] Reich, S. and Shafrir, 1., Nonexpansive iterations in hyperbolic spaces, Nonlinear Anal., 15 (1990), 537-558
[28] Rus, I. A., Basic problems of the metric fixed point theory revisited, I1. Studia Univ. Babes-Bolyai Math., 36 (1991),
81-99



342 M. A. Khamsi and A. R. Khan

[29] Rus, L. A,, Petrusel, A. and Sintamarian, A., Data dependence of the fixed points set of multivalued weakly Picard
operators, Studia Univ. Babes-Bolyai Math., 46 (2001), No. 2, 111-121

[30] Rus, I. A., Petrusel, A. and Sintamarian, A., Data dependence of the fixed points set of some multivalued weakly
Picard operators, Nonlinear Anal., 52 (2003), 1947-1959

[31] Schu, J., Weak and strong convergence to fixed points of asymptotically nonexpansive mappings, Bull. Austral.
Math. Soc., 43 (1991), 153-159

[32] Zhang, S. S., Wang, L., Zhao, Y. H. and Wang, G., Strong convergence of multivalued Bregman totally quasi-
asymptotically nonexpansive mappings, (Chinese) Acta Math. Sinica (Chin. Ser.), 58 (2015), No. 2, 213-226

IDEPARTMENT OF MATHEMATICAL SCIENCES
THE UNIVERSITY OF TEXAS AT EL PASO

EL PAsO, TX 79968, U.S.A.

E-mail address: mohamed@utep .edu

2 DEPARTMENT OF MATHEMATICS & STATISTICS

KING FAHD UNIVERSITY OF PETROLEUM AND MINERALS
DHAHRAN 31261, SAUDI ARABIA

E-mail address: mohamed@utep.edu

E-mail address: arahim@kfupm.edu. sa



