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COMPACTNESS OF CONVEXITY STRUCTURES IN METRIC SPACES
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ABSTRACT. In this work, we discuss the compactness of convexity structures in metric
spaces. We also discuss a problem posed by Kirk on an extension of Caristi’s classical
theorem.

1. Introduction. The classical fixed point theorems [1, 6] involve an interplay between
the geometric sturcture of the underlying metric spaces and a compactness assumption on
the domain of the mapping. The compactness assumption is used to insure the existence of
minimal elements. The existence of such elements is crucial to many fixed point theorems.
That is why recently Buber and Kirk [3] investigated the existence of minimal element
which requires a weakened form of compactness. In this work, we will prove that under the
assumptions of [3], we have in fact compactness and therefore Zorn’s Lemma applies. We
will also discuss a problem posed by Kirk [5] on a generalization of Caristi’s fixed classical
point theorem.

2. Basic Definitions and Results. We begin by describing Penot’s framework [10]. Let
(M, d) be a metric space. We shall use B(a,r) to denote the closed ball centered at a € M
with radius r < 0. 4

Definition 1. Let F be a nonempty family of subsets of M. F is said to be a convexity
structure on M if F is stable by intersection and contains the closed balls.

Examples:

(1) Let X be a Banach space and C a closed bounded convex subset of X. Let F be
the set of closed convex subsets of C. Then F defines a convexity structure on C.
(2) Let M be the unit ball of £, and

F= {ﬂB(ai,rg);a,- €M and 7; > 0} .
i€l

Then F defines a convexity structure on M.

The smallest convexity structure A(M) on M that contains the closed balls is the family

of admissible subsets of M. Recall that A C M is an admissible set if A = [ B(as, ;).
i€l
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Let B be a bounded subset of M. Set

r(z,B) =sup{d(z,y); y€ B} forze M
diam(B) = sup{r(z,B); z € B}
R(B) = inf{r(z,B); z € B}
Definition 2. Let F be a convexity structure on M.
(i) We will say that F is normal if for any A € F, not reduced to one point, we have
R(A) < diam(A). 4
(ii) We will say that F is uniformly normal if there exists ¢ € (0,1) such that for any
A € F, not reduced to one point, we have R(A) < ¢ diam(A).

A key assumption in the proof of classical fixed theorems in metric spaces, is a compact-
ness argument. The following definition originated in [10].

Definition 3.

(i) F is said to be x-compact if any family (Aq)acr of elements of F, with card(T’) < x,

has a nonempty intersection provided [} Co # 0 for any finite subset F' C T".
a€EF
(ii) F is said to be countably compact (resp. compact) if F is xo-compact (rest. x-
compact for any cardinal x).

Note that since card{F C T;F is finite } = card(T'), one can assume also that the family
(Ca)aer is decreasing and I is downward directed.

Recall that a mapping T : M — M is said to be nonexpansive if d(T'(z), T'(y)) < d(z, y) for
all z,y in M. We will say that M has the fixed point property if any nonexpansive self-map
T defined on M, has a fixed point (i.e. there exists z € M such that T'(z) = z).

3. Main Results.
Main theorem. Let M be a bounded metric space and D be a dense subset in M. As-

sume that card(D) < x and A(M) is x-compact. Then A(M) is in fact compact.

Let D = {Zo}aer be such that card(T') < x, and let (A;i)ier be a decréasing family of
nonempty elements of A(M), where I is downward directed. Let us prove that [ A; # 0.

i€l
Lemma. For every € > 0, there ezists I, C I such that:
d(z, 4:) < d(z, A) +e, for everyi 2 K,
for all k € I. and z € M, where A, = [ A
i€l 4
Proof of Lemma. Note A(z) = sup{d(z, A;); i € I}. For any o € T', there exists i(a) €1

such that:
Mza) —€< d(z,Ai(a)) < A(mcz)‘

Since card{i(a); a € T’} < x and F is x-compact, then A, = (] Aiq) = 0.
er

[»3 .
Let i > k for k € I, = {i(a); a € T'}. Then A; C Aj(q) for all « € T'. Hence A; C A,
Therefore, .

d(za’A‘i) S A(1:01) S d(waa Ai(a)) +e€ S d(ma’Aw) +e€ S d(za’ Az) +e.
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Since {zq, € T'} is dense in M and the function z — d(z, A;) is uniformly continuous, we
get

d(z, 4;) < d(z,A,)+e€ foreveryz e M. @

Proof of Main theorem. Let €; = 1 and consider A,, = [ A; given by the lemma. Let
_ i€l
alsoI; ={ie;i>k forallke}.
Case 1. I} = 0. In this case, we have (] A; = (] 4; = A,,.

_ i€l i€l
Case 2. I; #0. _
Subcase 2.1: If card(I,) < x, then [ A; # 0. Therefore, we have
iET;
A=) A #0.
i€l i€l

Subcase 2.2: If card(I;) > x. Let e = -;—, by the lemma, there exists I, C T; such
that:

d(z, A;) < d(z, Au,) + %, for every 7 > k,

for all k € I and z € M, where A,, = [] Ai #0.
i€l
As above note T = {i € I;i > k for all k € L,}.
Case 1. T, =0. Then | A;= ) A: #0.
i€l i€lz
Case 2. I, # 0. Then:
Subcase 2.1 : card(I2) < ¥, in this case, we have

NAi= N 4#0,

i€l iefz

Subcase 2.2 : otherwise if card(T3) > ¥, let €3 = 1 and repeat the process.

Assume that I1_ ,11,I2,12,... ,I,,1, are constructed. Then:
Case 1. card(Il,) < x, in this case [ A;= [ Ai#0.
iel iel,
1

Case 2. card(I,) > x. Let €441 = 747 and consider A, ,,

= [\ A given by the lemma
- _ _ ieIn-}-! _ -
with I3 C Ir.. Consider Inyy ={i € In; i 2k forall k€ Int1}. U Iy =0
then (| A; = () A, otherwise I,4; # 0 and start over.
el iEIn.'.l
If the process stops then [] A; # 0. If the process does not stop, then we construct a
i€l . ’
sequence Iy, 11, I5,12,... ,In, I, ... such that

(*) dist(z, A;) < dist (z, Au, ) + %,

for any k € I, i > k and n > 1. Note that A, ,, C A,, since for any ¢ € I5,;;, we have

A;C ) Ar = A.,. Let A, = A,. Since F is x-compact and x > Xo, then A, is not
keIn n

empty. We claim that

A, C () A
i€l
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Indeed, let i € I. If there exists n > 1 and k € I, such that ¢ < k, then A, C A,, C Ax C
A;. Otherwise, assume that for any n > 1 and any k € I,,, we have k < i. Using (*), we get

1
dist(z, A;) < dist(z, Au,) + o
for any z € M and n > 1. In particular, we have
1
dist(z, A;) < dist (z, Au) + e

which implies dist(z, A;) < dist(z,A,) for every z € M. Therefore, if z € Ay, then
dist(z, A;) < 0, which implies that z € A;. Hence, we have

A, CA;.

Our claim is therefore proved which completes the proof. &

As a corollary, we get Buber and Kirk’s result [3].

Corollary 4. Let M be a separable metric space for which A(M) is countably compact.
Then A(M) has minimal elements.

Recall the classical Kirk’s fixed point theorem [8].

Theorem [8]. Let M be a bounded metric space. Assume A(M) is compact and normal.
Then M has the fized point property.

~ The original proof is based on the existence of minimal elements in A(M). Kirk [9] ex-
tended this result. to metric spaces for which A(M) is countably compact and normal. The
proof is constructive and does not use Zorn’s lemma. Recall that in [7], it is proved that if
A(M) is uniformly normal, then it is countably compact. It is still unknown whether these
assumptions imply compactness.

The next result deals with a question that was asked by Kirk [5] on Caristi’s classical fixed
point theorem [4]. Recall that this theorem states that any map T': M — M defined on a
complete metric space has a fixed point provided that there exists a lower semi-continuous
map ¢ mapping M into the nonnegative real numbers such that

d(z,T(z)) < ¢(z) — (T(z)), for every z € M.

Before we discuss Kirk’s problem, let us start by giving some basic definitions regarding
this problem. Let ¢ : M — [0,00) be a map. Define the order <4 [2] on M by

) 24y i dz,9) < 90) - Ho),

for any z,y in M. It is straightforward that (M, <) is indeed an ordered set. However, it
is not clear what are the minimal assumptions on M and ¢ which oblige (M, <4) to have
minimal elements. As a matter of fact, if a is a minimal element in (M, <4) and T : M — M
is any map which satisfies

(©) d(z, T(z)) < é(z) — $(T(z)), for all z€ M,

then T'(a) = a, i.e. a is a fixed point of T. Caristi [4] noticed that if M is complete and
¢ is lower semi-continuous, then (M, <g4) satisfies the assumptions of Zorn’s Lemma and
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therefore has minimal elements. In attempting to improve Caristi’s result, Kirk has raised
the question of whether a map T': M — M which satisfies

(K) d(z,Tz)? < ¢(z) — ¢(Tx), forall z € M,
for some p > 1, has a fixed point. We answer this question by the negative. Indeed, let

M = {zn;n 2 1} C [0, 00) be defined by

PRRUETHE S S

" 23 n’
for all » > 1. Then M is a closed subset of [0,00) and therefore is coinpléte. Define
T:M — M by Tz, = ©n4; for all n > 1. Then, .

1
P — = -
d(e,Ta? = —yss = 8(e) - #(T),
where ¢(z,) = _,'IT' for all n > 1. It is easy to see that ¢ is lower semicontinuous.

n+1<i
Furthermore one can also show that T' is nonexpansive and fails to have a fixed point. It
is commonly known that any contraction map T': M — M (i.e. d(Tz,Ty) < kd(z,y) with
k € (0,1), and more generally any map T which satisfies for any z € M

d(T?*(z),T(z)) < kd(z, Tx) with k € (0,1) )

satisfine (C) with ¢(z) = 1;d(z,Txz). Clearly one can deduce that, in this case, ¢(T'z) <
ké(z) for all z € M. More generally, let T be a selfmap defined on a complete metric
space M which satisfies (K') and such that ¢(Tz) < ké(z) holds with k € (0,1). Then the
Picard iterates (T"(z)) (for any x € M) converges to a fixed point. Indeed, one can easily
show that T satisfies (C) where the new function ¢’ is defined by ¢'(z) = K ¢% (z) for every
z € M, where K is a constant. So for any z € M (T™(z)) is a Cauchy sequence, which
converges to a € M. Clearly ¢(a) < liminf ¢(T"(z)). And since ¢(T™(z)) < k"¢(z), we
obtain ¢(a) = 0. This obviously implies that d(a,Ta)? =0, i.e. Ta = a.

In all the previous results, the main question was about the existence of minimal elements
in ordered sets. Although in many instances this can be insured by applying Zorn’s Lemma,
It is well known that there exists ordered sets with minimal elements but fails to satisfy the
assumptions of Zorn’s Lemma. Therefore a natural question is to'characterize ordered set
in which the existence of a minimal element is insured. The following theorem answers this
question. :

Theorem 5. Let (A, <) be a partially ordered set. Then the following statements are
equivalent.
(1) A contains a minimal element,
(2) Any set valued map T defined on A which satisfies
z€Aandy € T(z) =y <z,
has o fized point, i.e. there ezists a in A such that a € Ta.

Proof. (1) = (2) Obviously any minimal element is fixed by T'. We complete the proof
of Theorem 1 by showing that (2) = (1). Assume that A fails to have a minimal element.
Define the set valued map T on A by

T(z) = {y € 4; y <z with y # z},
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for any z € A. Clearly our assumption on A implies that T'(z) is not empty for any z € A.
(2) will imply that T has a fixed point a € A. Contradiction with the definition of T. So,
the proof of Theorem 5 is complete. &

Remark Recall that in [11], it is proved that Zorn’s Lemma is equivalent to:

Let F be a family of selfmappings defined on a partially ordered set such
that ¢ < f(z) (resp. f(z) < z), forallz € A and all f € F. If each
chain in A has an upper bound (resp. lower bound), then the family F has
a common fized point.

As it was noted to us by the referee, Taskovic’s proof is not correct since
it uses the axiom of choice (see the review of paper [11] in Mathematical
Reviews) but the conclusion is still true.

The authors would like to thank the referee for pointing out that the proof of the main

theorem can be easily derived using a Lindelof argument. The technical proof given in this
work can be of some interest to people working in modular spaces (see [12, 13, 14, 15, 16)).
Since this proof can be adapted in this setting but not the Lindelof argument.

10.

11.

12.

13.

14.

15.
16.

REFERENCES

. A.G. Aksoy and M. A. Khamsi, Nonstanderd Methods in Fized Point Theory, Springer—Verlag, Hei-

delberg, N.Y., 1990.

. A. Brondsted, Fized point and partml orders, Proc. Amer. Math. Soc., 60(1976), 365-366.
. T. Buber and W. A. Kirk, Constructive aspects of fized point theory for nonezpansive mappings,

(preprint).

. J. Caristi, Fized point theorems for mappings salisfying inwardness conditions, Trans. Amer. Math

Soc, 215(1976), 241-251.

. J. Caristi, Fized point theory and inwardness conditions, Applied Nonlinear analysis, (1979), 479-483.
. K. Goebel and W. A. Kirk, Topics in Metric Fized Point Theory, Cambridge Univ. Press, Cambridge,

1990.

. M. A. Khamsi, On metric spaces with uniform normal structure, Proceedings of A. M. S., 108-3(1989),

723-726.

. W. A. Kirk, A fized point theorem for mappings which do not increase distances, Amer. Math. Soc.

82(1965), 1004-1006.

. W. A. Kirk, Nonezpansive mappings in metric and Banach spaces, Rend. Sem. Mat e Fis. di Milano,

LI(1981), 640-642.

J. P. Penot, Fized point theorem without convezity, Analyse Non Convexe (1977, Pau), Bull. Soc.
Math. France, Memoire, 60(1979), 129-152.

M. R. Taskovic, On an eguivalent of the aziom of choice and its applications, Math. Japonica , 31
No. 6(1986), 979-991.

M. A. Khamsi, W. M. Kozlowski and S. Reich, Fized point theory in Modular function spaces, Nonlinear
Analysis Th. M. Appl., 14-11(1990), 935-953.

E. Lami-Dozo and Ph. Turpin, Nonezpansive maps in generalized Orlicz spaces, Studia Math. 8691987,
155-188.

J. Musielak, Orlicz spaces and Modular spaces, Lecture Notes in Math. 1034, Springer-Verlag, Berlin,
Heidelberg, New York, 1983.

J. Musielak and W. Orlicz, On modular spaces, Studia Math., 18(1959), 49-65.

H. Nakano, modulared semi-ordered spaces, Tokyo, 1950.

DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF TEXAS AT EL PAso, EL PAaso, TEXAS 79968-

0514

DEPARTEMENT DE MATHEMATIQUES ET D’INFORMATIQUE, UNIVERISTE MOHAMMED V, FACULTE DE Sci-
ENCES, RABAT, MOROCCO




