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1 Introduction and basic definitions

The earliest attempts to generalize the classical function spaces L” of Lebesgue type were
made in the early 1930s by Orlicz and Birnbaum in connection with orthogonal expan-
sions. Their approach consisted in considering spaces of functions with some growth
properties different from the power type growth control provided by the L”-norms.
Namely, they considered the function spaces defined as follows:

L? = {f:R—) R;3A>O:/H§¢(A[f(x)|)dx<oo},

where ¢ : [0,00] — [0, 00] was assumed to be a convex function increasing to infinity, i.e.
the function which to some extent behaves similar to power functions ¢(¢) = t”. Later on,
the assumption of convexity for Orlicz functions ¢ was frequently omitted. Let us mention
two typical examples of such functions:

o) =¢ -1, o(t) = In(1 + ¢).

The possibility of introducing the structure of a linear metric in L? as well as the interesting
properties of these spaces and many applications to differential and integral equations with
kernels of nonpower types were among the reasons for the development of the theory of
Orlicz spaces, their applications, and generalizations for more than half a century.

We may observe two principal directions of further development. The first is the the-
ory of Banach function spaces initiated in 1955 by Luxemburg [1] and developed further
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in a series of joint papers with Zaanen [2]. The second one is inspired by the theory of
Orlicz spaces, based on replacing the particular integral form of the nonlinear functional,
which controls the growth of members of the space, by an abstract given functional with
some good properties. This idea was the basis of the theory of modular spaces initiated
by Nakano [3] in connection with the theory of order spaces and redefined and general-
ized by Luxemburg and Orlicz in 1959. Such spaces have been studied for almost 40 years
and a number of applications of such spaces in various parts of analysis, probability, and
mathematical statistics are known.

In this paper, we will consider modular spaces which lie somewhere in between the ab-
stract modular theory and Musielak-Orlicz theory, i.e. the class of modular spaces given
by modulars not of any particular form but, nevertheless, having much more convenient
properties than the abstract modulars can possess. In other words, we present a useful tool
for applications whenever there is a need to introduce a function space by means of func-
tionals which have some reasonable properties but are far from being norms or F-norms.

Let us introduce basic notions in modular function spaces and related notations which
will be used in this chapter. For further details we refer the reader to preliminary sections
of the recent articles [4—6] or to the survey article [7]; see also [8—10] for the standard
framework of modular function spaces.

Let © be a nonempty set and X be a nontrivial o -algebra of subsets of 2. Let P be a
8-ring of subsets of 2, such that ENA € P for any E € P and A € X. Let us assume that
there exists an increasing sequence of sets K;, € P such that Q = | J K,,. By £ we denote the
linear space of all simple functions with support from P. By M, we will denote the space
of all extended measurable functions, i.e. all functions f : Q2 — [-00,00] such that there
exists a sequence {g,} C &, |g,| < |f| and g,(®) — f(w) for all w € Q. By 14 we denote the
characteristic function of the set A.

Definition 1.1 [10] Let p : M, — [0, 00] be a nontrivial, convex, and even function. We
say that p is a regular convex function pseudomodular if:
(i) p(0)=0;
(ii) p is monotone, i.e. |f(w)| < |g(w)]| for all w € 2 implies p(f) < p(g), where
frg € Mo
(ili) p is orthogonally subadditive, i.e. p(flaug) < p(fla) + p(f1p) for any A,B € X such
that ANB#@, f € M;
(iv) p has the Fatou property, i.e. |[f,(w)| 1 |f(w)| for all w € & implies p(f,) 1 p(f),
where f € Mo;
(v) p is order continuous in &, i.e. g, € £ and |g,(w)| | 0 implies p(g,) | 0.

Similarly, as in the case of measure spaces, we say thata set A € ¥ is p-nullif p(gls) =0
for every g € £. We say that a property holds p-almost everywhere if the exceptional set
is p-null. As usual we identify any pair of measurable sets whose symmetric difference is
p-null as well as any pair of measurable functions differing only on a p-null set. With this
in mind, we define M = {f € Mu;|f(w)| < 00 p-a.e.}, where each element is actually an
equivalence class of functions equal p-a.e. rather than an individual function.

Definition 1.2 [10] We say that a regular function pseudomodular p is a regular convex
function modular if p(f) = 0 implies f = 0 p-a.e. The class of all nonzero regular convex
function modulars defined on €2 will be denoted by .
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In this paper, we only consider convex function modulars.

Definition 1.3 [8-10] Let p be a convex function modular. A modular function space is
the vector space L, = {f € M; p(Af) = 0 as 1 — 0}. In the vector space L,, the following

formula:

1, =inf{a >O;p<£> 51}

defines a norm, frequently called the Luxemburg norm.

Note that the monographic exposition of the theory of Orlicz spaces may be found
in the book of Krasnosel'skii and Rutickii [11]. For a current review of the theory of
Musielak-Orlicz spaces and modular spaces, the reader is referred to Musielak [12] and
Kozlowski [10].

The following definitions will be needed in this paper.

Definition 1.4 [10]

(a) The sequence {f,} C L, is said to be p-convergent to f € L, if p(f, —f) — O as
n— 00.

(b) The sequence {f,} C L, is said to be p-Cauchy if p(f, — f,») = 0 as n and m — 0.

(c) We say that L, is p-complete if and only if any p-Cauchy sequence in L, is
p-convergent.

(d) A subset Cof L, is called p-closed if the p-limit of a p-convergent sequence of C
always belongs to C.

(e) A subset C of L, is called p-compact if every sequence in C has a p-convergent
subsequence in C.

(f) A subset C of L, is called p-bounded if

8,(C) =sup{p(f - g)if,g € C} < 0.

(g) Letf eL,and C C L,. Define the p-distance between f and C as:

d,(f,C) = inf{p(f - g);g € C}.

The above terminology is used because of its similarity to the metric case. Since p does
not behave in general as a distance, one should be very careful when dealing with these
notions. In particular, p-convergence does not imply p-Cauchy since p does not satisfy
the triangle inequality.

The following proposition brings together a few facts that will be often used.

Proposition 1.1 [10] Let p € N.
(i) L, is p-complete.
(ii) p-balls B,(f,r)={g € L,; p(f —g) <r} are p-closed.
(iti) If p(eefy) = O for an a > O then there exists a subsequence {g,} of {f,} such that
g — 0 p-ae.
(iv) p(f) <liminf,_ « p(f,) whenever f, — f p-a.e. (Note: this property is equivalent to
the Fatou property.)
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(v) Consider the sets Lg ={f € L,; p(f,") is order continuous}, and
E, ={f € Ly;Mf € LY for any » > 0}. Then we have E, C L C L,.

We already pointed out that p may not satisfy the triangle inequality, so the modular
convergence and norm convergence may not be the same. This will only happen if p sat-
isfies the so-called A,-condition.

Definition 1.5 [10] The modular function p is said to satisfy the A,-condition if p(2f,) —
0 as n — oo, whenever p(f,) — 0 as n — oo.

We have the following proposition.

Proposition 1.2 [10] The following statements are equivalent:
(i) p satisfies the Ay-condition;
(i) po(fu—f)— O ifand only if p(M(f, —f)) — O, for all A > 0 if and only if ||, —f|| = O.

Definition 1.6 We will say that the function modular p is uniformly continuous if for
every ¢ >0 and L > 0, there exists § > 0 such that

lp(@) - p(h+g)| <& if p(h)<8and p(g) <L.

Let us mention that uniform continuity holds for a large class of function modulars. For
instance, it can be proved that in Orlicz spaces over a finite atomless measure [13] or in
sequence Orlicz spaces [14], the uniform continuity of the Orlicz modular is equivalent to
the A,-type condition.

Let us recall the definition of different mappings acting in a modular function space. We
start with the concept of Lipschitzian mappings.

Definition 1.7 Let p € ) and let C C L, be a nonempty subset. A mapping 7: C — Cis
called p-Lipschitzian mapping if there exists a constant L > 0 such that

p(T(f)-T()) <Lp(f-g foranyf,geC.

When L <1, T is called p-contraction mapping. Moreover, if L <1, then T is called
p-nonexpansive mapping. A point f € C is called a fixed point of T if T(f) = f. The set
of fixed points of T will be denoted by F(T).

As mentioned before, one of the reasons of our interest in p-behavior of mappings is
that the Luxemburg norm associated with the function modular is defined in an indirect
way and consequently harder to handle than the function modular. Therefore, one may
ask what the relationship is, if there is any, between the F-norm nonexpansiveness and
the p-nonexpansiveness. The following example gives a partial answer.

Example 1.1 [15] Let X = (0,00), and let ¥ be the o -algebra of all Lebesgue measurable
subsets of X. Let P denote the §-ring of subsets of finite measures. Define a function
modular by

1 0 X+
o= 55 [ @I dms
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Let B be the set of all measurable functions f : (0, 00) — R such that 0 < f(x) < % Define
the linear operator T by the formula

(x=1) forx=>1,
T(P)) = 17
0 for x € [0,1].
Clearly, T(B) C B.In [15], it is proved that for every fixed A <1 and for all f,g € B, we have

p(MT() - T(@)) < to(A(f - 2))-

In particular, if A = 1, then the above inequality shows that T is p-nonexpansive. It is
also easy to see that B is a p-a.e.-bounded subset of L,. We observe that T is not || - ||,-
nonexpansive. Indeed, if we take f =1}, then

|70, >e=IIf1,-
In this paper, we will use some geometrical properties of the modular functional.

Definition 1.8 Let p € ). We say that p is strictly convex (SC), if for every f,g € L, such
that p(f) = p(g) and p(af + (1 -)g) = ap(f) + (1 — ) p(g), for some o € (0,1), we have f = g.

It is known that for a wide class of modular function spaces with the A,-property,
geometric properties of the Luxemburg norm are equivalent to the same properties of
the modular. For example, in Orlicz spaces these results can be traced in early papers of
Luxemburg [1], Milnes [16], Akimovic [17], and Kaminska [14]. It is also known that, under
suitable assumptions, uniform convexity in Orlicz spaces is equivalent to the very convex-
ity of the Orlicz function [18]. Typical examples of Orlicz functions that do not satisfy the
A,-condition but are uniformly convex (and hence strictly convex) are [11, 16]

oit) =€ —|t|=1 and ¢(¢) = e 1.

For the discussion of some geometrical properties of Calderon-Lozanovskii and Orlicz-
Lorentz spaces, the reader may consult [19].

Recently, special attention was given to the use of the geometric properties in modular
function spaces. This is due to recent interest in the Dirichlet energy problem which we
discuss in the next example.

Example 1.2 Let 2 C R be an open set and let p: 2 — [1,00) be a measurable func-
tion (called the variable exponent on €2). We define the variable exponent Lebesgue space
LPV(Q) to consist of all measurable functions f : 2 — R such that

Pl = /Q A )P e < o0

for some A > 0. The functional p is called the modular of the space L’V(R2). The
Luxemburg norm on this space is given by the formula

I£1l = inf{& > 0; p(Af) < 00}.
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The variable exponent Sobolev space W')(Q) is the space of measurable functions f :
Q — R such that f and the distributional derivative f’ are in L?")(€2). The function

p1(f) = p(f) + p(f')

defines a modular on W#)(Q). Define Wé‘p(')(Q) as the set of f € W'0)(Q) which can be
continuously continued by 0 outside €2. The energy operator corresponding to the bound-

ary value function g acting on the space
[f e WO(Q)f — g e Wy ()

is defined by

Ig(f):/;zlf/(x”p(x)dx:p(f/)-

The general Dirichlet energy problem is to find a function that minimizes values of the
operator ,(-). Note that

min{l(g - /)if € Wy (@)} = dy (g, W™ ().
For more information on the Dirichlet energy integral problem we refer to [20-23].

2 Ishikawa iterates for two mappings

In [24], the authors introduced the Ishikawa iterative scheme for two mappings and stud-
ied the strong convergence of this scheme to a common fixed point of the two mappings.
Let us introduce such an iterative scheme in modular function spaces. Let S and T be two
mappings defined on a nonempty closed, convex and p-bounded subset C of L. Fixf € C
and define the sequence {f,}, with f; = f, and

f =anS(BuT() + (L= Bof) + A= an)fs n=12,.... (2.1)

When S = T, the above iterative scheme collapses into the classical Ishikawa iterative

scheme for one map:
S = T(BaT(f) + A= B)f) + A=)y n=12,.... (2.2)

Let S, T : C — C be two p-nonexpansive mappings. Assume that F = F(S) N F(T) # @.
Letf € Cand h € F.Setr = p(f — h). Then

C(f)=CnBhr)={geCplh-g) <r}

is a nonempty closed and convex subset of C and invariant under both S and T Therefore
one may always assume that C is p-bounded once S and T have a common fixed point.
Moreover, if {f,} is the sequence generated by (2.1), with fi =f, then we have

lo(fwrl —h) = P(OlnS(gn) +(1- an)ﬁ1 - h)
< anp(S(@:) ) + 1 an)plfy — h)
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< oup(gu—h) + (L= an)p(f —h)
= anp(ﬁnT(fn) + (1= Bufu — h) +(L=a)p(fu = h)
< au[Bud(T(f) = 1) + (L= Bu)p(f — )] + A — ) p(fr — 1)
< lo(ﬁi - h)’
where g, = B, T(f,) + (1 — Bu)fs. This proves that {p(f, — )} is decreasing, which implies
that lim,,_,» p(f, — /) exists. Using the above inequalities, we get
lim po(f, — /) = lim ,o(otnS(gn) + (1= op)fu — h)
= lim a,p(S(ga) —h) + (L —an)p(f — h)
= lim a,p(g, - h) + (1= a,)p(f, — )

= ,,ligloa”a”’o(ﬂ" T(fn) +(1- ﬂn)fn - h) +(1- O‘n)p(fn - h)

= lim o, [Bud(T(f) = ) + (L= Bu)p(fu = )] + (L= ) pfo = ).

Our first result discusses the convergence behavior of the sequence generated by (2.1).

Theorem 2.1 Assume p € N is strictly convex and uniformly continuous. Let C be a
nonempty p-bounded, closed and convex subset of X. Let S,T : C — C be two p-non-
expansive mappings. Assume that F = F(S)NF(T) # . Let fi € C and {f,,} be given by (2.1).
Then the following hold.:
(i) Ifoa, € la,b]l and B, € [0,b], with 0 < a < b <1, then for any subsequence {f,,} of {f,}
which p-converges to f, we have f € F(S).
(ii) Ifa, € [a,1] and B, € [a,b], with 0 <a < b <1, then for any subsequence {f,,} of {fu}
which p-converges to f, we have f € F(T).
(iii) If otn, By € [a, b, with 0 < a < b <1, then for any subsequence {f,,} of {f,} which
p-converges to f, we have f € F. In this case, we have that {f,} p-converges to f.

Proof Assume that {f,.} p-converges to f. Let 1 € F. Without loss of generality, we may
assume lim,,_, o @y, = o, and lim,,_, oo B, = B. Since {p(f, — h)} is decreasing and p is uni-
formly continuous, we get

Jim p(f, —h) = lim p(fy; —h) = p(f = h).

Since T is p-nonexpansive, {T'(f,,)} p-converges to T(f). Moreover, as p is uniformly
continuous, {B,, T(fy,) + (1 — By,)f;} p-converges to BT(f) + (1 — B)f. Using the p-non-
expansiveness of S, we get {S(B,,, T(f,,,) + (1 — By,)fu;)} p-converges to S(BT(f) + (1 — B)f).
Finally, since p is uniformly continuous, we get {o,,;S(8,, T(f,) + 1 — By, ;) + 1 — ot )2, }
p-converges to aS(BT(f) + (1 — B)f) + (1 — a)f. The above inequalities imply
p(f =) = p(aS(BT() + (1= B)f) + (1 —a)f — h)

=ap(S(BT(f)+ A= B)f) —h) + (L —)p(f — h)

=ap(BT(f)+ (1L -B)f —h) + (L—a)p(f —h)

=a[Bp(T(f)—h)+ (1 -B)p(f —h)] + A -a)p(f - h).
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Set r = p(f — h). Without loss of generality we may assume r > O (otherwise most of the

conclusions in the theorem are trivial). Assume that liminf,_, ., &, > 0. Then « # 0. Hence

p(S(BT(f) + (A~ B)) —h) = p(BT(f) + 1~ B)f —h)
= Bp(T(F) —h) + (A -B)r

=7,

which implies Bo(T(f) — k) = Br. If we assume that liminf,_,, 8, > 0, then 8 # 0 which
implies p(T(f) —h) =r.
(1) Ifa €(0,1) and B > 0, then

p(S(BT() + A= B)) —h) = p(aS(BT(f) + A - B)f) + (1 - a)f — h)
=p(f - h).

The strict convexity of p will imply S(B8T(f) + 1 — B)f) =f.
(2) Ifa €(0,1) and B8 = 0, then

o(f =h) = p(S(F) = h) = p(aS(f) + (1 - a)f — h).

The strict convexity of p will imply S(f) =f.
(3) If B €(0,1) and @ > O, then

p(f —h) = p(T(F) k) = p(BT(f) + (1= B)f — h).

The strict convexity of p will imply T'(f) = f.

(4) Ifo, B €(0,1), then T(f) =f and S(BT(f) + 1 — B)f) =f. Hence S(f) = f.
Let us finish the proof of Theorem 2.1. Note that (i) implies « € [4,b] and 8 € [0, b]. If
B =0, then the conclusion (2) above implies f € F(S). Otherwise the conclusion (4) will
imply f € F. This proves (i).

For (ii), notice that @ € [a,1] and B € [a, b]. Hence the conclusion (3) will imply f € F(T),
which proves (ii).

For (iii), notice that «, B € [a, b]. Hence the conclusion (4) will imply f € F. Since

lim o(f, —f) = lim o(f,, —f) =0,
n—00 n—00
we find that {f,} p-converges to f, which completes the proof of (iii). d

If we assume compactness of the domain, Theorem 2.1 will imply the following result.

Theorem 2.2 Assume p € N is strictly convex and uniformly continuous. Let C be a
nonempty p-bounded, p-compact and convex subset of L,. Let S, T : C — C be two non-
expansive mappings. Assume that F = F(S) N F(T) # 9. Fix fi € C. Define {f,} as in (2.1),
where oy, By € [a,b], with 0 <a < b <1, and f; is the initial element of the sequence. Then

{f.} p-converges to a common fixed point of S and T.
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Proof Since C is p-compact, {f,} has a p-convergent subsequence {f,,}, i.e., {f,;} p-con-
verges to z. By Theorem 2.1, we have z € F and {f,} p-converges to z. O

The existence of a common fixed point 7 and § is crucial to the conclusion of Theo-
rems 2.1 and 2.2. Note that each mapping has a nonempty fixed point set. Indeed, let C
and T be as in Theorem 2.2. Fix € € (0,1) and fy € C. Define the mapping T, : C — C by

T.(f) = efo + A = &)T(f).

Then, for any f,g € C, we have

p(Ts(f) - Te(g)) = (1 _S)IO(f_g)'

Fix f € C. Since is p-bounded, we get
p(TI () = T2() < =) p(TL() - f) < (1 -)"8,(C)

for any 1, i € N. Since C is p-compact, there exists a subsequence { Tz (f)} which is p-con-
vergent to 1 € C. We claim that / is a fixed point of T,. Indeed, since

p(T2f) ~ To(h)) < (L—&)p(T25(F) ~ )
and

p (T2 ~ T(F) < (1 - &) p(Te(f) ~f) < (1- £, (C),
we conclude that T, (/) = h. Indeed, we have

(h—Tg(h)
o =25

3 ) = S 0lh=T0) + p(THO) = TP + (1) - T.)

3

If we let n; — oo, we get p(@) = 0, which implies T, (/) = h. In fact, one can now
easily show that {T7(f)} p-converges to /1 and that / is independent of f and is the only
fixed point of T. Clearly,

p(T(h)—h) = p(T(h) - (1-&)T(h) —¢fo) < ep(T(h) —fo) <&8,(C).

Hence infrec o(T(f) — f) = 0. As C is p-compact, the fixed point set of T is nonempty. As
p is strictly convex, F(T) is convex. Clearly F(T) is p-closed subset of C. Hence F(T) is
p-compact. If we assume that 7' and S commute, i.e., So T =T o S, then S(F(T)) C F(T).
Consequently, S and T have a common fixed point. In general, it is not the case that S and
T have a common fixed point.

If we take S = T in Theorem 2.2, we get the following result.

Theorem 2.3 [4] Assume p € R is strictly convex and uniformly continuous. Let C be a
nonempty p-bounded, p-compact and convex subset of L,. Let T : C — C be two nonex-
pansive mapping. Fix fi € C. Define {f,} as in (2.2), where o, B, € [a,b], with0 <a < b <1,
and fi is the initial element of the sequence. Then {f,} p-converges to a fixed point of T .
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