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Abstract. Let X be a Banach space and p a positive measure. We show that
n(Ly(p, X)) =limn(l"(X)),1 < p < co. Also we investigate the positivity of the numer-
m

ical index of I,-spaces.

1 INTRODUCTION.

Let X be a Banach space over IR or €, we write By for the closed unit ball and Sx
for the unit sphere of X. The dual space is denoted by X* and the Banach algebra of all
continuous linear operators on X is denoted by B(X). The numerical range of T € B(X)
is defined by

V(T)={«"(Tz): z € Sx, z* € Sx~, z*(x) =1}

The numerical radius of T is then given by
o(T) =sup{|A\|: e V(T)}-

Clearly, v is a semi norm on B(X) and v(T) < ||T|| for all T € B(X). The numerical
index of X is defined by

n(X) =inf{v(T): T € Spx)}-

The concept of numerical index was first suggested by Lumer [7] in 1968. Since then a lot
of attention has been paid to this constant of equivalence between the numerical radius
and the usual norm in the Banach algebra of all bounded linear operators of a Banach
space. Classical references here are [1], [2]. For recent results we refer the reader to [3],
51, [6], [8], [10].

In this paper we show that for any positive measure g and Banach space X, the
numerical index of L,(u, X), 1 < p < oo is the limit of the sequence of numerical index
of ['(X). This gives a partial answer to Martin’s question [9] and generalizes the result
obtained for the scalar case [5]. Also we study the positivity of the numerical index of
l,-space.
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Here L,(p, X) is the classical Banach space of p-integrable functions f from Q into X
where (2,3, 1) is a given measure space. And [,(X) is the Banach space of sequences

o0
x = (Tp)n>1, Tn € X, such that Z |2 [P < co. And finally [;*(X) is the Banach space of
n=1

1
P

m
finite sequences x = (z,)1<n<m, n € X, equipped with the norm ||z, = (Z Hanp)
n=1

2 MAIN RESULTS.

Theorem 2.1. Let X be a Banach space. Then, for every real number p,1 < p < oo, the
numerical index of the Banach space 1,(X) is given by

n(1y(X)) = lim (i} (X)).

Proof. Let m > 1 and T : [;}(X) — IJ'(X) z + (Ti(2),..., Tin(x)). Define the linear
operator T : 1,(X) — 1,(X) as follows for & = (z1,...,Zm, Tms1,..) € (X)), T(z) =
(T1(215 e )y ooy T (@15 05 T ), 0, ..). Clearly, T is bounded and ||T|| = ||T|. We have
also v(T') = v(T). To prove this, let us first note that if x = (21,...,Zm,...) € S (x),
then there exists an element, namely z7, in S; (x-), where ¢ is the conjugate exponent
to p, such that =% (x) = 1. Explicitly 2% = (||z1[|P~ 27, ..., |zm|P~ 2}, ...) where the z}’s

m’

are taken in Sx- such that z}(zx) = ||zx||. Now, let ¢ > 0. Following the expression
v(T) = sup{|z(Tz)| : z € S, (x)} ( [4], Lemma 3.2 and Proposition 1.1) there exists
T = (T1, s Trmy Tt 1, ---) € Sy, (x) such that

o(l)—e < |ei(Tz)

= P~ e, s o P 2 (T (@1, ooy @) -

Putr := (Z l|k]?) Y/ < 1. Then we obtain v(T") —e < rPv(T") which yields v(T") < v(T).
k=1
The reverse inequality is easy. Therefore

{o(T) = T € 1)(X), 1T = 1} < {o(U) : U € [p,(X), U] = 1}

which yields n(l,(X)) < n(l;'(X)). Consequently n(l,(X)) < liminfn(l;'(X)). Now we
shall prove that limsupn(l)" (X)) < n(l,(X)). Let T'€ B(l,(X)). Define the sequence of

operators {Sp, }m a;nfollows; for each m > 1, S, is defined on [} (X) by
Sm() = (T1(71, s 10, 0,0, ..), o0; T (215 0, ¥, 0,0,.0)) (2 € 1) (X))-
Clearly, the S,,’s are bounded and ||.S,,|| < ||T|| for all m. We claim that
@) NSmll = IT

(ii) v(Sm) — o(T).



Indeed, we consider the sequence of operators {S,, },, defined on I,(X) by
Spn(x) = (Ty (1, ooy Ty 0,0, ...), oy T (14 vy Ty, 0,0, ...), 0,0, ...)

for all @ = (1, ..o, Ty Tmi1s ) € L(X). Tt is easy to see that |[Sp| = ||Sm|, and
Sy converges strongly to 7. This implies that ||T|| < liminf ||S,,||, and it follows that

Smll — [IT]|. As in (i) we have also v(S;,) = v(Swm), so it is enough to prove that
v(Sm) — v(T). Let € > 0 and fix u € Sy, u* € Sx« such that u*(u) = 1. There exists
x € Sy, (x) such that

|22 (T)| > v(T) — & (1)

For each n > 1, consider
" = (acl, ey Tn1, Ant, 0,0, ), Ton = (|\x1Hp_1x;17 ey ||xn,1||p_1x;n71,)\ﬁ_lu*,070, )

- 1
where A\, = (Z [E kD) /P Then

k=n

Ton (") = 1 = [l2gn || = [J2"]]-

Moreover, |lz—z"|| — 0 and ||z} —x}. || — 0 where 2 = (||lz1 [P~ 2k, oo P12k o).

It follows that z*

xn

(Tz"™) — z;(Tx) as n tends to infinity. Let ng > 1 be such that
250 (Tz™)| > 0(T) =& (n = no)- (2)

Since S,,, converges strongly to T, thus for fixed n > ng, %, (Spmz™) converges to z*, (Tz™)
as m tends to infinity. So there is my > n such that

|5 (Sma™)| > o(T) —e  (m = mo)- (3)

This yields v(Sy,) > v(T) — € for all m > mg and therefore v(S,,) converges to v(T) as m
tends to infinity. Now, following (i) and (ii) we have n(l,(X)) > limsup n(l;"(X)). Indeed,

for a given € > 0, we find T' € Sp(;, (x)) such that
n(lp(X)) + & > v(T):

Since v(T) = lim v(S,,), there exists mg such that

n(lp(X)) +e>v(Sm) (m>mg)

But v(S;,) = v(Sm) 2> n(l; (X))|Smll, and [|Sy|l — [|T]| = 1, so there exists kg > mq
such that
n(ly(X)) +& > n(l"(X)(1—¢)  (m = ko)

This implies n(l,(X)) > limsupn(l;" (X)) and completes the proof of Theorem 2.1. [

It is well known that n(®xXa)i,
N(loo(X)) = n(X) (=limn(3(X))). So, Theorem 2.1 is also valid for p = co.

= Amg n(Xy) [9]. This shows that, in particular,
€
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Theorem 2.2. Let (Q,3, 1) be a o-finite measure space. Then, for every Banach space
X and every real number p, 1 < p < oo,

n(Lp(p, X)) = n(lp(X))-

Proof. Let us first prove that n(L,(u, X)) < n(l,(X)). For this we adapt the proof
due to Javier and Martin for the scalar case (not published result). Indeed, if p is not
atomic, Ly(u, X) is isometric to Ly(u, X) @, Ly(p, X), so they have the same numerical
index. Let T = (T1,T») € B(I2(X)) and define the operator S on Ly (u, X) @ Ly(p, X)
by S(f1, fo)(w) = T(f1(w), fg( ))- One can check easﬂy that HT|| [IS]l. Moreover,

v(T) = v(S). Indeed, let fi = sz 1/p7 f2 = Zyz ~ be simple functions in
L,(p, X) with ||(f1, fo)||P = Z llz:]|P + Z [ly:||” = 1. For each i we can find x} and y}
i=1 i=1
in Sx« such that z¥(z;) = ||2;|| and y; (y;) = ||y:||. If we set g1 = Z l|2q [P~ L ;1/(;
and go = ;Hyiﬂp*lyfm, we have clearly (g1,92) € SL,(ux*)@,Ly(ux+) and <
(91,92), (f1, f2) >= 1. Moreover,
I(91,92)(S(f1, f2))] < /Q|(91(w)’92(W))(T(f1(W)7fz(W)))|du(w)

T)/Q [f1 (P + [ fa()[Pdp(w) = o(T).

IN

Following [4], we have v(S) < v(T'). For the reverse inequality, let (z1,22) € Si2(x).

Take A € ¥ with u(A) > 0 and consider (f1, f2) = (ml%,xg la ) From what we
n(A)P n(A)P

have just seen (g1,92) = (|| [P~ 21 x|z |P~ta5—4r ) € St x0)8,L, (ux-) and
p(A) e (A

ya
< (91,92), (f1, f2) >= 1. Moreover,

|l P~ a7, lzalP = 23) (T (21, 22))| = ’/Q(gl(w),gz(w))s(flvf2)(w)du(w)| < (S)-

This yields v(T') < v(S5). Consequently {v(T") : T" € Siz(x)} C {v(S) : 5 € Sp,(u,x)@, L, (11,%)}
which yields n(Ly (s, X) ®p Lp(p, X)) < n(12(X)). So

n(Lp(p, X)) < n(l3(X)):

Now, for any integer m > 1, with the same work as above, we obtain

n(Ly(p, X)) < n(ly"(X))-

It follows from Theorem 2.1 that

n(Ly(p, X)) < n(lp(X))-
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If pu is atomic then Ly (u, X) is isometric to Ly (v, X )&, [@ielX]l for a suitable set I and an
P

atomless measure v. With the help of Remark 2 [9], we also have n(L,(u, X)) < n(l,(X)).
The reverse inequality n(L,(p, X)) > n(l,(X)) follows with the same technique used in
[5] for the scalar case. O

Corollary 2.3. Let (2,3, u) be a o-finite measure space. Then, for every Banach space
X and every real number p,1 < p < oo

n(Ly(p. X)) = lim (I} (X))-

3 ON THE POSITIVITY OF THE NUMERICAL INDEX OF lp—SPACE

It was proved that the numerical index of [, p # 2, m = 1,2, ... cannot be equal to
0 this is equivalent to that the numerical radius and the operator norm are equivalent on
B(1}'), p # 2 (see Theorem 2.3 [6]). In this section we shall also prove that both norms
are equivalent on B(ly, [;").

Theorem 3.1. For every real number p > 1,p # 2 and every integer m, the numerical
radius is equivalent to the operator norm on B(l,, lg’).
Here 1y, is real and 1} is identified with its natural embedding in 1.

Proof. Let T' = (tix) € B(lp,1)"). We first have

o 1 (o9} 1
I < ([ ") (3 [tmal)”
k=1 k=1 P
'] 1 0 1
< (X hanlr) e (D )
k=1

k=1
Consider {T7} € B(lp,17") defined by T7e; = Tey, for k # j and T7(e;) = 0. Then for
o0
T = kaek € 5y, we have
k=1
X (Thr) = eq|aq P71 Ztgkxk +o TPt Ztmkxk (e; € {-1,1})
k=2 k=2

Take x1 = £127 /P with e, € {—1,1} we obtain

x;(Tlx)‘ = ‘2_1/‘1(Zt1kxk) +51{£2|x2|p_1 thkazk+- e | TP Ztmkmk}’ <o(Th)

Since €7 is arbitrary in {—1,1} then

o0 e >
2*1/‘1‘ Ztlkxk‘ + ’€2|x2|p71 Ztgk,xk + -+ €m‘l’m|p71 Ztmkxk‘ < U(Tl)'
k=2 k=2 k=2



And in particular
2—1/q Ztlkxk‘ S U(Tl)

k=2

oo
1 .
for all (z2,...., T, ...) € I, such that Z |zk|P = 7 That is

1 o
5’ Ztlkyk‘ S U(Tl) V(yQa vy Yms ) € Sl,D
k=2

which yields

(S itl) " <)

k£l

The same work as above shows that

(Z'th| >é<’UTj) (%)

k#j

for j =1,2,...,m. Now let R/ =T — T7 then we have
o(T7) <o(T) + || R

And following (*) we obtain

(S teal)’ <

Q=

2(w(T) + IB]) + It

which yields

m

1T < 2mo(T) + 22 IR + Z 14551

Now let {T},} be a v-cauchy sequence in B(lp, ). Since v(Ty, Pr) = v(Pn/T0 Prn) < v(T)
where P, is the operator projection on [;* (see [5] p 4), and using the fact that in finite
dimensional space [;" both norms are equivalent, then each R = T,, — TJ converges in
operator norm to some R’. Therefore {T},} is ||||-cauchy. This completes the proof of the

Theorem 3.1. O

It’s still unknown if the numerical radius and the operator norm are equivalent on the
Banach space B(l,), p # 2 which gives a complete answer to the question of C. Finet and
D. Li.
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