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Abstract. We give a partial answer to the problem of the numerical index of Lp-
space 1 < p < ∞. Also we give a geometric characterization of Banach spaces with the
Radon-Nikodým property to have numerical index 1. Finally, we show that the numerical
index of the trace class operator S1 cannot be equal to one.

1 Introduction.

Given a Banach space X over IR or IC, we write BX for the closed unit ball and
SX for the unit sphere of X. The dual space is denoted by X∗ and B(X) is the
Banach algebra of all bounded linear operators on X. The numerical range of an
operator T ∈ B(X) is the subset V (T ) of the scalar field defined by

V (T ) = {x∗(Tx); x ∈ SX , x∗ ∈ SX∗ , x∗(x) = 1}·

The numerical radius is then given by

v(T ) = sup{|λ|, λ ∈ V (T )}·

Clearly, v is a semi norm on B(X), and v(T ) ≤ ‖T‖ for every T ∈ B(X). It was
shown by Glickfeld [13] (and essentially by Bohnenblust and Karlin [4]) that if X
is a complex space, then e−1‖T‖ ≤ v(T ) for every T ∈ B(X) where e = exp 1, so
that for complex spaces v is always a norm and it is equivalent to the operator
norm ‖ ‖· Thus it is natural to consider the so-called numerical index of the Banach
space X, namely the constant n(X) defined by

n(X) = inf{v(T ), T ∈ SB(X)}·

Obviously, n(X) is the greatest constant k ≥ 0 such that k‖T‖ ≤ v(T ) for every
T ∈ B(X)· Note that for any complex Banach space X, e−1 ≤ n(X) ≤ 1.
The concept of the numerical index was first suggested by G. Lumer [18] in a
lecture to the North British Functional Analysis Seminar in 1968. At that time, it
was known that if X is a complex Hilbert space (with dimX > 1) then n(X) = 1
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and if it is real then n(X) = 0 so that for real spaces, 0 ≤ n(X) ≤ 1.
Later, Duncan, McGregor, Pryce and White [8] determined the range of values of
the numerical index. More precisely they proved that

{n(X), X real Banach space} = [0, 1]

{n(X), X complex Banach space} = [e−1, 1].

Recently, Finet, Mart́ın and Payá [12] also studied the values of the numerical
index from the isomorphic point of view and they proved that

N (c0) = N (l1) = N (l∞) =
{

[0, 1] in the real case
[e−1, 1] in the complex case

where N (X) := {n(X, p) : p ∈ E (X)}, E (X) denotes the set of all equivalent
norms on the Banach space X and n(X, p) is the numerical index of X equipped
with the norm p.

The authors in [8] proved that the extreme case n(X) = 1 occurs for a large
class of interesting spaces including all real or complex L-spaces and M-spaces.
Lately, López, Mart́ın and Payá [19] studied some real Banach spaces with nu-
merical index 1. In fact, they proved that an infinite dimensional real Banach space
with numerical index 1 and satisfying the Radon-Nikodym property contains l1.
This result is a partial answer to the conjecture [21] : Every infinite dimensional
Banach space with numerical index 1 contains either l1 or c0. Very recently, Mart́ın
and Payá [23] studied the numerical index of vector-valued function spaces and
they proved that if K is a compact Hausdorff space and µ is a positive measure
then the Banach spaces C(K, X) and L1(µ,X) have the same numerical index as
the Banach space X. For general information and background on numerical ranges
we refer to the books by Bonsall and Duncan [2], [3]. Further developments in the
Hilbert space may be found in [14].
The computation of n( Lp) for 1 < p < ∞, p 6= 2 is much more complicated, in fact
it is an open problem since 1968.

In this paper we give a partial answer to this problem (Theorem 2.1). Actually,
we prove that for 1 ≤ p < ∞, the numerical index of the Banach space Lp([0, 1], µ)
where µ is the Lebesgue measure on the unit interval is equal to the numerical index
of the lp space. And it is well known that the numerical index of the Banach space
lp is the limit of the sequence of numerical index of finite-dimensional subspaces
lmp m = 1, 2, .... [11]. The computation of the numerical index of the lmp -space
gives then a complete answer to the problem of the numerical index of the Lp-
space. On the other hand we give a geometric characterization of Banach spaces
with the Radon-Nikodým property to have numerical index 1 (Theorem 2.4) . And
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as an application we show that the numerical index of the Banach space S1 of the
trace-class operator is less than 1.

2 Main results.

Theorem 2.1. For 1 < p < ∞, the numerical index of the Banach space Lp[0, 1]
is equal to the numerical index of lp, i.e.

n(Lp[0, 1]) = n(lp).

Before, we prove this theorem, we need to introduce some notations.
Let µ be the Lebesgue measure on Ω = [0, 1]. For each integer n ≥ 1 we denote
by π2n the partition of Ω into 2n dyadic intervals: [0, 1

2n [, [ 1
2n , 2

2n [, · · · , [2
n−1
2n , 1].

By Vn we denote the subspace of Lp(Ω, µ) defined by

Vn =

{
2n∑

k=1

ak1[ k−1
2n , k

2n [; ak ∈ IC

}
·

Pn denotes the projection of Lp(Ω, µ) onto Vn defined by

Pn(f) =
2n∑

k=1

[ 1
2−n

∫
[ k−1

2n , k
2n ]

f(t) dµ(t)
]

1[ k−1
2n , k

2n ]·

And V denotes the union of all subspaces Vn of Lp(Ω, µ). We recall that V is a
dense subspace of Lp(Ω, µ) ([6], p 140), that is, for each f ∈ Lp(Ω, µ) the sequence
(Pnf)n converges to f in Lp(Ω, µ).

Lemma 2.2. For each integer n ≥ 1 and T ∈ B(Vn) there exists T̃ ∈ B(Vn+1)
satisfying the following conditions

(i) T̃|Vn
= T

(ii) ‖T̃‖ = ‖T‖
(ii) v(T̃ ) = v(T ).

Proof. Let E2n

k denotes the interval [k−1
2n , k

2n [ for k = 1, 2, ..., 2n.
Step 1. We shall first prove that the conditions in Lemma 2.2 are satisfied for
n=1.

Let T ∈ B(V1) represented by its matrix
[

t11 t12
t21 t22

]
on the unit normal basis{

1
E21

1

µ(E21

1 )
1
p

,
1

E21
2

µ(E21

2 )
1
p

}
of V1. Since µ(E21

1 )
1
p = µ(E21

2 )
1
p = 2−

1
p , the same ma-

trix represents T on the basis
{

1
E21

1
, 1

E21
2

}
. Consider the operator T̃ ∈ B(V2)
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represented by its matrix 
t11 0 t12 0
0 t11 0 t12

t21 0 t22 0
0 t21 0 t22


on the normal basis

{
1

E22
k

µ(E22

k )
1
p

}
k=1,...,4

of V2. Also, since µ(E22

k ) = 2
−22

p , k =

1, ..., 4 the same matrix represents T̃ on the basis
{

1
E22

k

}
k=1,...,4

.
For (i), we have

T̃ (1
E21

1
) = T̃ (1

E22
1

) + T̃ (1
E22

2
)

= t111
E22

1
+ t211

E22
3

+ t111
E22

2
+ t211

E22
4

= T (1
E21

1
)·

Also, T̃ (1
E21

2
) = T (1

E21
2

). This means that T̃|V1
= T .

For (ii), let x =
4∑

k=1

xk

1
E22

k

µ(E22

k )
1
p

∈ V2. Clearly, ‖x‖p =
4∑

k=1

|xk|p and we have

T̃ (x) =


t11 0 t12 0
0 t11 0 t12

t21 0 t22 0
0 t21 0 t22




x1

x2

x3

x4

 =


t11x1 + t12x3

t11x2 + t12x4

t21x1 + t22x3

t21x2 + t22x4

 ·
From this we obtain

‖T̃ (x)‖p = |t11x1 + t12x3|p + |t11x2 + t12x4|p + |t21x1 + t22x3|p + |t21x2 + t22x4|p

=
∥∥∥ [

t11 t12

t21 t22

] [
x1

x3

] ∥∥∥p
+

∥∥∥ [
t11 t12
t21 t22

] [
x2

x4

] ∥∥∥p

≤ ‖T‖p(|x1|p + |x2|p + |x3|p + |x4|p).

This means that ‖T̃‖ ≤ ‖T‖ and since T̃|V1
= T we have ‖T‖ ≤ ‖T̃‖. Therefore

‖T̃‖ = ‖T‖.
For (iii), we have

v(T̃ ) = sup{|x∗x(T̃ x)|; x ∈ SV2} = |x∗x(T̃ x)|

for some x =
4∑

k=1

xk

1
E22

k

µ(E22

k )
1
p

; ‖x‖p =
4∑

k=1

|xk|p = 1, and x∗x =
4∑

k=1

εk|xk|p−1
1

E22
k

µ(E22

k )
1
q

where εk is a scalar number such that εkxk = |xk|. From the previous expression
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of T̃ (x) we have

x∗x(T̃ x) =
(
ε1|x1|p−1, ..., ε4|x4|p−1

) 
t11x1 + t12x3

t11x2 + t12x4

t21x1 + t22x3

t21x2 + t22x4


=

(
ε1|x1|p−1, ε3|x3|p−1

) [
t11 t12
t21 t22

] [
x1

x3

]
+(

ε2|x2|p−1, ε4|x4|p−1
) [

t11 t12
t21 t22

] [
x2

x4

]
·

Then ∣∣x∗x(T̃ x)
∣∣ ≤ v(T )

∥∥(
ε1|x1|p−1, ε3|x3|p−1

)∥∥
q

∥∥(x1, x3)
∥∥

p
+

v(T )
∥∥(

ε2|x2|p−1, ε4|x4|p−1
)∥∥

q

∥∥(
x2, x4

)∥∥
p
≤ v(T )·

Since T̃|V1
= T we have also v(T ) ≤ v(T̃ ) and consequently v(T̃ ) = v(T ).

Step 2. For every integer n ≥ 1 and T ∈ B(Vn) there exists T̃ ∈ B(Vn) satisfying
the conditions (i), (ii) and (iii).
Indeed, let n ≥ 1 and T ∈ B(Vn) represented by its matrix t11 · · · t12n

...
...

t2n1 · · · t2n2n


on the normal basis

{
1E2n

k

µ(E2n

k )
1
p

}
k=1,...,2n

of Vn. As in step 1, we check that the

operator T̃ ∈ B(Vn+1) defined by its matrix

(
t11 0
0 t11

)
· · ·

(
t12n 0

0 t12n

)
...

...(
t2n1 0

0 t2n1

)
· · ·

(
t2n2n 0

0 t2n2n

)


as in the normal basis

{ 1
E2(n+1)

k

µ(E2(n+1)

k )
1
p

}
k

as in
{

1
E2(n+1)

k

}
k

of Vn+1 satisfy the three

conditions (i),(ii) and (iii).
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Proof of Theorem 2.1. We shall prove that the numerical index of Lp[0, 1] is less
than the numerical index of lp.
Let n ≥ 1 and U := Tn ∈ B(Vn). Following the previous lemma we can find a se-
quence of operators {Tm}m≥n, Tm : Vm → Vm, satisfying the following conditions:

(i) Tm+1|Vm
= Tm

(ii) ‖Tm+1‖ = ‖Tm‖
(iii) v(Tm+1) = v(Tm).

Let x ∈ Lp[0, 1] and xm ∈ Vm for m ≥ n such that xm converges to x in Lp[0, 1].
The sequence {Tm(xm)}m≥n converges in Lp[0, 1]. Indeed, for m,m

′ ≥ n with
m

′ ≥ m, we have

Tm′ (xm′ )− Tm(xm) = Tm′ (xm′ − xm) + (Tm′ − Tm)(xm)·

Since Tm′ |Vm

= Tm and ‖Tm′‖ = ‖Tn‖ we obtain

‖Tm′ (xm′ )− Tm(xm)‖ = ‖Tm′ (xm′ − xm)‖ ≤ ‖Tn‖‖xm′ − xm‖·

Let T (x) = lim
m

Tm(xm) (note that T (x) is independent of the choice of {xm}m).

Clearly, T is a bounded linear operator on Lp[0, 1]. Moreover,
(i) T|Vn

= Tn

(ii) ‖T‖ = ‖Tn‖
(iii) v(T ) = v(Tn).

The first conditions (i) and (ii) are clear. For (iii), let ε > 0. There exists x ∈
Lp[0, 1] such that

v(T )− ε ≤ |x∗x(Tx)|·

Here x∗x = εx|x| where εx is the sign function of x, that is, εx(t)x(t) = |x(t)| for all
t ∈ [0, 1]. But T (x) = lim

m
Tm(xm) for xm converges to x in Lp[0, 1] and xm ∈ SVm

for all m. Since the norm of Lp[0, 1] is Fréchet differentiable [6], the sequence x∗xm

converges to x∗x in Lq[0, 1]. Consequently

v(T )− ε ≤ |x∗x(Tx)| = lim
m
|x∗xm

(Tmxm)| ≤ lim
m

v(Tm) = v(Tn)

which means that v(T ) ≤ v(Tn). Since T|Vn
= Tn we have also v(Tn) ≤ v(T ) and

therefore v(T ) = v(Tn). It follows from this that

{v(Tn); Tn ∈ SVn} ⊂ {v(T ); T ∈ SLp[0,1]},

and then
n(Lp[0, 1]) ≤ n(Vn).
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Since Vn is isometric to l2
n

p , we obtain

n(Lp[0, 1]) ≤ n(l2
n

p ).

According to Theorem 2.5 [11] we get

n(Lp[0, 1]) ≤ lim
n

n(l2
n

p ) = n(lp)·

Also, it was proved (Theorem 3.1 [11]) that

n(Lp(µ)) ≥ n(lp)

for any Banach space Lp(µ), 1 ≤ p < ∞. This completes the proof of Theorem
2.1.

D. Li and C. Finet asked if the numerical index of the real Banach space lp is
equal to 0 for some p 6= 2.
In the following we prove that the numerical index of all Banach spaces lmp , p 6=
2,m = 1, 2, ... cannot be equal to 0.

Theorem 2.3. For every real number p, 1 ≤ p < 2 and m = 2, 3, · · · , the numerical
index of the Banach space lmp is positive.

Proof. Fix a real number p, 1 < p < 2 and let m be an integer with m ≥ 2.
Consider

y =
ei + εtej

(1 + tp)
1
p

and y∗ =
e∗i + εtp−1e∗j

(1 + tp)
p−1

p

, 0 ≤ t ≤ 1, ε ∈ {−1, 1}.

Here {ei} is the canonical basis of lmp . Clearly, ‖y‖lmp = ‖y∗‖lmq = y∗(y) = 1.
For T = (tlk)lk ∈ B(lmp ) and by a simple calculus we have

y∗(Ty) =
1

1 + tp
(tii + εt tij + εtp−1tji + tptjj).

From this we obtain

|tii + εt tij + εtp−1tji + tptjj | ≤ (1 + tp)v(T )·

Then

max
ε∈{−1,1}

|tii + εt tij + εtp−1tji + tptjj | = |tii + tptjj |+ |t tij + tp−1tji| ≤ (1 + tp)v(T )·
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Since

|tii + tptjj | ≥ |tii| − tp|tjj | and |t tij + tp−1tji| ≥ tp−1|tji| − t|tij |,

we have then
|tii| − tp|tjj |+ tp−1|tji| − t|tij | ≤ (1 + tp)v(T )·

Similarly
|tjj | − tp|tii|+ tp−1|tij | − t|tji| ≤ (1 + tp)v(T )·

From last two inequalities we obtain

(1− tp)(|tii|+ |tjj |) + (tp−1 − t)(|tij |+ |tji|) ≤ 2(1 + tp)v(T )·

Since (1− tp) ≥ tp − t, we have

(tp−1 − t)(|tii|+ |tij |+ |tji|+ |tjj |) ≤ 2(1 + tp)v(T )·

Hence
Mp

2
(|tii|+ |tij |+ |tji|+ |tjj |) ≤ v(T ) (∗)

where Mp = sup
t∈[0,1]

tp−1 − t

1 + tp
. Thus if v(T ) = 0 for T ∈ B(lmp ) we have necessarily

‖T‖ = 0 and consequently n(lmp ) = v(T ) > 0 for some T ∈ Slmp .

Remark. Following (*) in the previous proof, v is a norm on B(lp) for p 6= 2.
And still unknown if it is an equivalent norm to the operator norm.

On the McGregor’s characterization of finite dimensional spaces with
numerical index 1.

Before we proceed, we need more notations and definitions. Indeed, let K be a
convex subset of X, the set ext(K) denotes the subset of extreme points of K and
the set exp(K) the subset of exposed points of K. Recall that x ∈ exp(K) if and
only there exists x∗ ∈ X∗ such that <x∗(y) < <x∗(x) for every y ∈ K\{x}·
By sexp(K) the set of strongly exposed points of K, and x ∈ sexp(K) if there
exists x∗ ∈ X∗such that
(i) <x∗(y) < <x∗(x) for every y ∈ K\{x}
and
(ii) lim

δ→0
diam S(x∗,K, δ) = 0

where S(x∗,K, δ) = {y ∈ K, <x∗(y) > <x∗(x) − δ}· Finally, for x ∈ SX , D(x)
denoted the subset {x∗ ∈ X∗, x∗(x) = 1 = ‖x∗‖}.
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Let us recall McGregor’s characterization of finite dimensional spaces with numer-
ical index 1.

Theorem. ([20], Theorem 3.1) Let X be a finite dimensional normed space over
IR or IC· Then the following are equivalent,
(i) n(X) = 1
(ii) for all x ∈ ext(BX) and all x∗ ∈ ext(BX∗), |x∗(x)| = 1
(iii) for all x ∈ ext(BX) and all y ∈ SX , there exists a scalar λ with |λ| = 1
such that D(λx) ∩D(y) 6= ∅.

We should make two observations about finite dimensional normed spaces. First if
X has finite dimension, then the topology of X is independent of the norm, so that,
for example, as sets, X∗ and exp(K) are independent of the norm on X. Second if
X has finite dimension, then BX is norm compact and it is equal to conv(extBX)
(see, for example Klee [16], [17]). However in any infinite dimensional Banach
space X, BX is never norm-compact, and we may have ext(BX) = ∅ (for example,
c0, L1[0, 1]).

Theorem 2.4. Let X be an infinite dimensional Banach Space over IR or IC with
the Radon-Nikodým property (RNP). Then, the following are equivalent,
(i) n(X) = 1
(ii) for all x ∈ sexp(BX) and all x∗ ∈ ext(BX∗), |x∗(x)| = 1.

It is well known that strongly exposed points are denting points, then following
[19] (lemma 1) (ii) yields (i). For the sake of completeness we give here another
proof and under the assumption : X has the RNP, the converse is true.

Proof. Assume that (i) is satisfied. We recall that if x∗ ∈ ext(BX∗) then according
to [7, p.107] the set {S∗(y, BX∗ , δ)} y∈SX

δ∈]0,1[

is a base of x∗ for the weak∗ topology in

BX∗ . So if {x∗(y,δ)} is a net in BX∗ with x∗(y,δ) ∈ S∗(y, BX∗ , δ) then x∗(y,δ)
W ∗
−→ x∗.

Let x∗ ∈ ext(BX∗) and x ∈ sexp(BX). There is y∗ ∈ SX∗ which exposes strongly
x, that is,
(i) 1 = y∗(x) > <y∗(BX\{x})
(ii) lim

δ→0
diam S(y∗, BX , δ) = 0·

This is equivalent to say that for every sequence (xn) in BX such that y∗(xn)
converges to y∗(x) then xn converges to x in norm. Let ε > 0 and (y, δ) ∈
SX×]0, 1[. We consider the operator T : X → X z 7→ y∗(z)y· Since n(X) = 1,
then according to [11] (Lemma 2.2) we have

1 = ‖T‖ = v(T ) = sup{|x∗x(Tx)|, x ∈ SX} (x∗x ∈ D(x))·
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Let (xn) ⊂ SX such that |x∗xn
(Txn)| = |x∗xn

(y)||y∗(xn)| → 1. We may assume that
|x∗xn

(y)|y∗(xn) → 1, then y∗(xn) → 1 and |x∗xn
(y)| = eiθnx∗xn

(y) → 1. Take x(y,δ) ∈
SX and θ(y,δ) ∈ IR such that ‖x(y,δ) − x‖ < ε and eiθ(y,δ)x∗x(y,δ)

∈ S∗(y, BX∗ , δ).
Now we have

x∗(x) = (x∗ − eiθ(y,δ)x∗x(y,δ)
)x + eiθ(y,δ)x∗x(y,δ)

(x− x(y,δ)) + eiθ(y,δ) .

So
1− |x∗(x)| ≤ |x∗(x)− eiθ(y,δ) | ≤ |(x∗ − eiθ(y,δ)x∗x(y,δ)

)x|+ ε,

which implies the desired result.
Assume now that (ii) is satisfied. Note that n(X) = 1 if and only if v(T ) ≥ 1
for every T ∈ SB(X). Let T ∈ SB(X) and ε > 0. By assumption X has the
RNP, thus BX = conv(sexpBX) ([10], Theorem 1, p 259) and we can choose
x0 ∈ sexp(BX) ⊂ ext(BX) such that 1− ε ≤ ‖T (x0)‖. There exists x∗0 ∈ ext(BX∗)
such that ‖T (x0)‖ = |x∗0(Tx0)|. By (ii) we obtain 1− ε < |x∗0(Tx0)| ≤ v(T ) which
yields n(X) = 1.

In [22] Mart́ın gave other characterizations of Banach spaces having the Radon-
Nikodým property and numerical index 1.

Remark. We find Mc Gregor’s result from the previous theorem. Indeed, If
X is a finite dimensional normed space, it is reflexive and then it possesses the
Radon-Nikodým property [5] (Corollary 5.12). Furthermore, a simple application
of Milman’s theorem shows that strongly exposed points in BX are norm-dense in
extreme points of BX .

Corollary 2.5. Let X∗ be a separable dual space. Then the following assertions
are equivalent:
(i) n(Y ) = 1
(ii) |y∗(y)| = 1 for all y ∈ sexp(BY ) and all y∗ ∈ ext(BY ∗).

Proof. Follows from the previous Theorem and the the fact that every sepa-
rable dual space possesses the Radon-Nikodým property [9].

Application : We shall prove that the numerical index of the Banach space
S1 of the trace-class operator is less than 1.

First let us recall the following two theorems.

Theorem 2.6. ([1], Arazy) Let S1 denote the Banach space of the trace-class
operator acting on an infinite-dimensional complex Hilbert space, and assume that
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T ∈ BS1. The following statements are equivalent:
(a) T has rank 1 and tr(T ∗T ) = 1;
(b) T is an extreme point of BS1;
(c) T is a strongly exposed point of BS1.

Theorem 2.7. ([15], p. 263) Let H be a Hilbert space. The following statement
are equivalent:
(a) The operator U ∈ B(H) is an extreme point of BB(H);
(b) U or its adjoint-operator U∗ is an isometry.

Now let {en} be the canonical basis of the Hilbert space l2 endowed with the
inner product <,> and consider the rank 1 operator T ∈ B(l2) defined by
T (x) =< x, e1 > e1, x ∈ l2. A simple calculus shows that T ∗ = T and tr(T ∗T ) =
∞∑

k=1

< T ∗T (ek), ek >=< e1, e1 >= 1. This shows that T ∈ sexp(BS1) (Theorem

2.6). Let U ∈ B(l2) = S∗1 be the shift operator defined by U(ek) = ek+1, k =
1, 2, .... It is clear that U is an isometry thus U ∈ ext(BB(l2))) (Theorem 2.7), and
we have tr(UT ) = 0. Theorem 2.4 asserts that n(S1) < 1.

Corollary 2.8. Let H be an infinite dimensional complex Hilbert space. Then the
numerical index of the Banach space B(H) is less than 1.
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